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Abstract. Unmanned aircraft systems operating in shared airspace are required to
maintain adequate separation from other aircraft and to avoid collisions under a wide
range of encounter conditions. Detect-and-avoid algorithms have emerged as a primary
means for enabling such operations, but their correctness is often assessed predominantly
via simulation, Monte Carlo analysis, or flight testing, which may not fully cover rare but
safety-critical scenarios. Formal methods provide a complementary approach by enabling
mathematically rigorous reasoning about all behaviors of models of detect-and-avoid algo-
rithms under explicitly characterized assumptions on sensing, guidance, and surrounding
traffic. This paper examines the application of model checking, theorem proving, and
barrier-certificate-based analysis to verify detect-and-avoid algorithms against separation
and collision avoidance requirements representative of regulated airspace integration. A
modeling framework is considered in which ownship, intruder dynamics, and detect-and-
avoid logic are expressed as a hybrid system subject to bounded disturbances and sensing
imperfections, and requirements are encoded as temporal and set-invariance properties
over the relative state. The discussion emphasizes the construction of sound abstractions,
the treatment of continuous and discrete decision layers, and the explicit accounting of
approximation errors and conservatism. A conceptual case study is outlined to illustrate
how the framework can be instantiated to obtain formal assurance arguments for repre-
sentative detect-and-avoid designs without relying solely on empirical coverage. The aim
is to clarify conditions under which formal methods can provide meaningful guarantees
and highlight modeling choices that materially influence verification outcomes.
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1. Introduction

Integration of unmanned aircraft systems into non-segregated airspace introduces com-
plex technical, procedural, and verification challenges that collectively define the emerging
landscape of autonomous airspace operations [1]. The central requirement driving this
integration is the assurance of safety through robust detect-and-avoid capabilities that
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maintain compatibility with established separation minima and midair collision risk ob-
jectives. The detect-and-avoid function is responsible for ensuring that unmanned aircraft
maintain sufficient distance from other cooperative and non-cooperative aircraft, while si-
multaneously satisfying mission objectives and regulatory constraints. It operates in an
environment characterized by uncertainty in sensing, communication, and maneuver execu-
tion. The detect-and-avoid system must therefore reconcile continuous physical dynamics
with discrete decision processes, producing advisories that are both dynamically feasible
and compliant with the underlying operational rules of air traffic management.

Detect-and-avoid algorithms typically integrate several tightly coupled components, in-
cluding sensing, state estimation, trajectory prediction, conflict detection, and maneuver
generation. Sensing may involve cooperative surveillance technologies such as ADS-B or
non-cooperative radar and electro-optical sensors, each introducing distinct types of noise
and latency [2]. Estimation filters fuse these data streams to obtain an estimate of the
relative state between ownship and nearby traffic. Trajectory prediction then projects this
relative motion into the future, under assumptions about both ownship and intruder dy-
namics. Conflict detection evaluates these predicted trajectories to determine whether a
potential violation of well-clear separation could occur, typically within a specified looka-
head time horizon. If a potential conflict is detected, the maneuver generation component
computes one or more advisories, such as turn, climb, or descent commands, designed to
restore or maintain safe separation. Each of these steps is influenced by uncertainty, mak-
ing the detect-and-avoid algorithm a stochastic and hybrid system in both mathematical
and operational terms.

Because detect-and-avoid systems mediate safety-critical decisions, it is essential to an-
alyze their behavior beyond nominal performance [3]. Real-world operations expose the
algorithm to rare but hazardous conditions, such as high closure rates, atypical intruder
trajectories, or delayed and degraded measurements. In such conditions, even small devia-
tions in estimated positions or velocities can lead to misclassification of conflicts or delayed
issuance of avoidance maneuvers. Furthermore, human supervision or autopilot execution
introduces additional layers of uncertainty. Human operators may interpret advisories with
delay or variability, while autopilot interfaces may limit achievable maneuver aggressive-
ness. Traditional validation techniques, including flight tests and Monte Carlo simulations,
are insufficient for proving correctness across the full range of encounter geometries. These
methods, while indispensable, are limited to sampled subsets of possible encounters and
cannot guarantee that untested configurations will not lead to unsafe outcomes.

Formal methods provide a complementary approach by constructing mathematical mod-
els that represent all possible behaviors of the detect-and-avoid system under specified as-
sumptions [4]. These models enable exhaustive reasoning about whether the safety proper-
tiestypically expressed as separation or collision avoidance invariantshold for all admissible
trajectories of the hybrid system. A hybrid system framework naturally accommodates
both the continuous motion of aircraft and the discrete logic of the detect-and-avoid al-
gorithm. In this formulation, the system state includes ownship and intruder kinematics,
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discrete logic modes corresponding to different algorithmic phases, and representations of
advisory issuance and pilot or autopilot compliance. The systems evolution is described by
a combination of differential or difference equations for continuous dynamics and guarded
transitions for discrete events.

The core verification question is whether, for every possible evolution of this hybrid
systemgiven bounded uncertainties in sensing, control response, and intruder behaviorthe
separation and collision avoidance requirements are respected. The separation requirement
typically ensures that horizontal and vertical distances between aircraft remain above de-
fined minima, while the collision avoidance requirement ensures that even in worst-case
conditions, aircraft trajectories do not enter specified near-midair-collision zones [5]. Ad-
dressing this verification problem involves several technical challenges. First, the opera-
tional requirements must be expressed in a formal language that can be interpreted by
verification tools. Second, the continuous dynamics of aircraft motion must be abstracted
into structures that can be handled by model checking or reachability analysis, which
typically require finite or finitely branching representations. Third, approximation errors
introduced by discretization or abstraction must be bounded so that the resulting verifica-
tion results are sound, meaning that any guarantee of safety in the abstract model implies
safety in the original continuous system.

Temporal logic, invariant set formulations, and game-theoretic methods form the math-
ematical foundation for expressing and analyzing these properties. Temporal logic allows
requirements to be expressed as statements about sequences of system states over time.
For example, a safety property might assert that the relative distance between aircraft
always remains greater than a specified threshold, which in linear temporal logic is written
as the invariant operator applied to the safe condition [6]. More complex properties can
express requirements on timing and ordering, such as ensuring that if a conflict is detected,
an alert is issued within a bounded number of time steps, or that a resolution maneuver
begins before a certain lookahead time elapses. These temporal constraints are crucial
because delays in detection or advisory generation directly affect safety margins.

Invariant set formulations provide a geometric interpretation of safety. The relative
state of the ownship and intruder can be represented as a point in a multi-dimensional
space defined by their positions, velocities, and headings. Within this space, the unsafe
region corresponds to combinations of states that violate separation or collision avoidance
requirements. The safe set is the complement of this region, and the detect-and-avoid
algorithms task is to ensure that the system state remains within this safe set for all time
[7]. Formal verification then reduces to proving that the reachable set of states, given
all possible inputs and disturbances, never intersects the unsafe region. Because exact
computation of reachable sets is generally infeasible for nonlinear systems, conservative
overapproximations are used. These overapproximations must be tight enough to avoid
false alarms but conservative enough to guarantee soundness.

Game-theoretic characterizations are particularly relevant because detect-and-avoid in-
teractions inherently involve two agentsownship and intruderwhose actions influence each
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others outcomes. From a formal perspective, this can be represented as a differential game
in which ownship seeks to maintain separation while the intruder may act in ways that chal-
lenge it, subject to bounded capabilities. The verification question then becomes whether
a winning strategy exists for ownship that ensures avoidance of unsafe states regardless of
intruder actions within the allowed bounds [8]. The solution of such games yields safe sets
and corresponding control strategies that can be compared against or used to synthesize
detect-and-avoid algorithms. Game-theoretic reasoning thus provides both a theoretical
limit on achievable safety and a benchmark for assessing whether a given detect-and-avoid
algorithm realizes or approximates an optimal avoidance strategy.

Implementing these formal techniques requires systematic abstraction of continuous dy-
namics into discrete structures suitable for automated reasoning. The relative motion be-
tween aircraft can be discretized in position, velocity, and heading space, with transitions
approximating the effect of bounded control and disturbance inputs. The detect-and-avoid
logic can be modeled as a finite automaton with states representing algorithmic modes such
as monitoring, alerting, and resolution, and transitions triggered by threshold crossings or
timing conditions. The combined hybrid automaton captures both physical and logical
evolution. Model checking tools can then exhaustively explore all reachable sequences of
states to verify whether the safety properties expressed in temporal logic hold. [9]

However, abstraction introduces approximation error. If the discretization is too coarse,
it may overlook important transitions or incorrectly merge states that differ in safety-
critical ways. Conversely, excessively fine discretization can lead to state-space explosion,
rendering verification computationally intractable. Therefore, bounding and managing ab-
straction error is essential. Techniques such as simulation relations, bisimulation approx-
imations, and reachability refinements are employed to ensure that safety proofs derived
from abstract models remain valid for the continuous system. Additionally, margins are
applied to safety thresholds to compensate for these errors, ensuring that even if the ab-
stract model slightly underestimates the set of reachable states, the true system remains
safe. [10]

An additional dimension of complexity arises from the stochastic nature of sensing and
estimation. Sensor noise, communication delays, and intermittent data losses produce un-
certainty in the estimated relative state. This uncertainty must be explicitly modeled, often
by defining bounded estimation error sets or stochastic disturbance models. The detect-
and-avoid algorithms decisions are then verified not on the true state but on the estimated
state, with formal guarantees required to hold under all estimation errors consistent with
the defined bounds. Such robust verification ensures that safety is maintained even when
measurements are degraded.

The formal modeling process also incorporates compliance and human-in-the-loop con-
siderations. When advisories are issued, they are executed either by an autopilot or by a
remote pilot [11]. Execution dynamics introduce latency and variability in the response.
These effects are represented as additional hybrid transitions or delays within the model,
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ensuring that the verification accounts for the total system behavior rather than the detect-
and-avoid logic in isolation. This holistic approach prevents overestimation of safety mar-
gins that might occur if idealized execution were assumed.

Ultimately, the integration of formal methods into detect-and-avoid analysis reframes
the safety question from one of statistical adequacy to one of mathematical correctness
under explicit assumptions. Instead of relying on empirical evidence that a large but
finite number of simulations show no conflicts, formal verification seeks to demonstrate
that no conflict is possible for any trajectory consistent with the model. The scope of
the guarantee is therefore tied directly to the fidelity and completeness of the model [12].
While formal methods cannot eliminate all uncertaintysince models necessarily simplify
realitythey provide a transparent and repeatable framework for assessing algorithmic safety
and identifying conditions under which guarantees hold or fail.

detect-and-avoid verification through formal methods is grounded in the hybrid systems
paradigm, leveraging temporal logic, invariants, and game theory to provide exhaustive
analysis of safety properties. The process involves constructing mathematical abstractions
that capture all relevant interactions among sensing, estimation, dynamics, and decision
logic, while bounding approximation errors to maintain soundness. This perspective com-
plements traditional simulation-based approaches by enabling systematic reasoning about
worst-case behaviors, adversarial trajectories, and timing effects that are difficult to capture
empirically. Through this formalization, detect-and-avoid verification moves from empir-
ical validation toward provable assurance, supporting the safe integration of unmanned
aircraft systems into complex, shared airspace environments.

The application of formal methods to this domain must reconcile several challenges
[13]. The continuous dynamics of aircraft motion, including turn-rate-limited maneuvers,
climb and descent constraints, and wind disturbances, lead to high-dimensional and non-
linear models that are not directly tractable for exhaustive verification. Detect-and-avoid
logic often embeds internal timers, state-dependent thresholds, and mode switching, which
must be faithfully captured as discrete transitions to avoid spurious behavior during ab-
straction. Sensing and communication delays can produce subtle timing interactions that
affect whether maneuvers remain feasible when alerts are issued. Moreover, the environ-
ment is open, with uncertain numbers and types of intruders, varying equipage levels, and
differing rules of right-of-way, which motivates modeling choices that approximate these
factors without asserting complete coverage of all aviation procedures.

This paper considers a verification perspective in which detect-and-avoid algorithms
are modeled as components within a hybrid automaton, and formal methods tools are
used to establish that all reachable trajectories under specified assumptions avoid defined
loss-of-well-clear and near midair collision conditions. The presentation focuses on the con-
struction of mathematically precise requirements, development of dynamic and stochastic
encounter models that are compatible with formal reasoning, establishment of abstraction
and discretization techniques for the hybrid system, and deployment of model checking,
reachability analysis, and barrier certificate approaches. The objective is not to claim full
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certification sufficiency but to articulate structures within which formal reasoning can sup-
port systematic assurance of detect-and-avoid functions and reveal sensitivities to modeling
assumptions. [14]

Table 1. Representative Parameters for Ownship and Intruder Dynamics Models
Parameter Symbol Typical Value Units Description
Ownship true airspeed Vo 55 m/s Nominal constant airspeed of unmanned aircraft
Intruder true airspeed Vi 60 m/s Nominal airspeed of intruder aircraft
Turn rate limit ωmax 0.05 rad/s Maximum allowable heading rate
Climb rate limit ḣmax 5 m/s Vertical rate constraint for both aircraft

Table 2. Abstraction Granularity for Hybrid-State Discretization
State Dimension Range Resolution Number of Intervals Approximation Type
Relative range [0, 2000] m 50 m 40 Uniform
Relative bearing [0, 2π] rad π/16 32 Angular partition
Relative altitude [-400, 400] m 25 m 32 Symmetric vertical bins
Relative speed [0, 80] m/s 5 m/s 16 Linear

Table 3. Key Safety and Separation Thresholds Used in Verification
Requirement Symbol Threshold Value Units Application Context
Horizontal well-clear boundary dwc 500 m Minimum lateral separation
Vertical well-clear boundary hwc 120 m Minimum vertical separation
Horizontal NMAC limit dnmac 150 m Near midair collision bound
Vertical NMAC limit hnmac 30 m Collision-critical vertical separation

Table 4. Comparison of Formal Verification Approaches
Method Continuous Dynamics Support Discrete Logic Modeling Computational Cost Result Type
Model Checking Limited (abstracted) Exact High (state-space explosion) Boolean (satisfied/violated)
Reachability Analysis Full Partial (hybrid transitions) Moderate to high Set of reachable states
Barrier Certificates Continuous analytic Approximate discrete transitions Moderate Functional inequality guarantee
Simulation-based Falsification Approximate Exact logic execution Low Counterexample trajectory

Table 5. Environmental and Sensor Modeling Parameters
Component Symbol Nominal Value Units Description
Sensor update period Ts 1 s Sampling interval for surveillance updates
Measurement noise (position) σp 5 m One-sigma position uncertainty
Measurement noise (velocity) σv 0.5 m/s One-sigma velocity uncertainty
Communication latency τc 0.4 s Delay between advisory issue and execution
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Table 6. State-Space Partitioning for Finite-State Abstraction
Dimension Symbol Interval Count Step Size Boundaries
Horizontal distance d 40 50 m [0, 2000]
Vertical separation h 32 25 m [-400, 400]
Relative bearing θ 32 π/16 rad [0, 2π]
Relative speed vr 16 5 m/s [0, 80]

Table 7. Representative Temporal Logic Specifications for Verification
Specification ID Property Type Expression

Form
Time Hori-
zon

Objective

P1 Safety Invari-
ant

□¬Snmac Infinite Prevent
near midair
collision

P2 Well-Clear
Maintenance

□¬Swc 120 s Maintain
well-clear
boundary

P3 Timely Alert □(conflict →
♢[0,5]alert)

5 s Alert delay
constraint

P4 Resolution Re-
covery

□(alert →
♢[0,15]safe)

15 s Guarantee
post-alert
safety

Table 8. Barrier Function Coefficient Examples for Polynomial Certificates
Coefficient Index Symbol Value Range Dimension Interpretation
1 a1 [0.1, 0.5] m−2 Horizontal

distance
weighting

2 a2 [0.05, 0.2] s/m Velocity
coupling
term

3 a3 [0.01, 0.08] m−1 Vertical
contribu-
tion

4 a4 [0.002, 0.005] s−2 Time-to-
closest-
approach
term

2. Operational Context and Detect-and-Avoid Requirements

Detect-and-avoid functions for unmanned aircraft are typically defined with respect to
an operational context that includes the category of airspace, performance characteristics of
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Table 9. Comparative Verification Results under Varying Intruder Turn Rates
Maximum Turn
Rate

Verified Safety
(Yes/No)

Safe Initial
Volume (%)

Analysis
Time (s)

Method
Used

0.03 rad/s Yes 96.2% 430 Reachability
0.05 rad/s Yes 89.4% 515 Barrier

Certificate
0.07 rad/s No 72.8% 498 Model

Checking
0.10 rad/s No 55.3% 465 Model

Checking

Table 10. Summary of Assumptions and Their Impact on Formal Guarantee Strength
Assumption Modeled As Relaxation Ef-

fect
Verification
Impact

Guarantee
Type

Perfect sensing Deterministic Minor Reduced
computa-
tion time

Strong (ab-
solute)

Bounded sensor
noise

Interval uncer-
tainty

Moderate Increased
abstraction
size

Conservative

Unbounded in-
truder turns

Adversarial in-
put

Major Potential
violation
found

Weak or
conditional

Bounded latency Temporal off-
set

Moderate Delay con-
straints
tighten

Conditional
robust

the unmanned aircraft, expected intruder behavior, and allowable responsibilities assigned
to automation versus human operators. For formal verification, this contextual information
must be distilled into assumptions on encounter geometries, closure rates, altitude and
heading change capabilities, and the feasible response envelope for resolution maneuvers.
A detect-and-avoid algorithm is then evaluated with respect to a set of requirements that
specify safe separation criteria, acceptable probabilities or frequencies of loss-of-well-clear
conditions within the assumed environment, and constraints on generated maneuvers such
as adherence to flight envelope limits and coordination rules.

A common operational abstraction considers one ownship, indexed by o, and one or more
intruders, indexed by i. The position of each aircraft is described in a Cartesian frame
aligned with a local tangent plane, with ownship position po(t) and intruder position pi(t).
The relative position is ri(t) = pi(t)−po(t), and associated relative velocity vi(t). A generic
separation requirement can be expressed in terms of a protected zone around ownship, such
as a cylinder composed of horizontal and vertical components. Loss of well clear occurs if
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both the horizontal and vertical components of separation fall below prescribed thresholds
[15]. To support formal verification, the well-clear boundary is represented as a subset
Swc of the relative state space, and safety is expressed as the requirement that trajectories
remain outside a more restrictive set Snmac associated with near midair collision conditions.

Operational requirements encompass both preventive and corrective aspects. A preven-
tive requirement may specify that, for encounters starting outside a given horizon region
and under compliant intruder behavior, the detect-and-avoid logic shall provide alerts and
corresponding guidance such that separation is maintained. A corrective requirement may
acknowledge that certain initial conditions are already incompatible with strict preven-
tion, in which case the objective becomes avoiding collision and minimizing severity within
feasible maneuver limits. For formal modeling, such distinctions are represented by parti-
tioning the initial state space according to whether the detect-and-avoid logic is required to
guarantee well-clear preservation or only collision avoidance, and by encoding maneuvers
as constraints on control inputs available to the ownship.

To capture algorithmic behavior, the detect-and-avoid system is represented by inter-
nal modes associated with surveillance, conflict detection, alerting, and guidance. Each
mode is governed by guards and invariants that depend on the estimated relative state,
time-to-closest-approach metrics, and advisory histories. For instance, a conflict detection
requirement can be formulated so that, if an encounter is predicted to cross the well-clear
boundary within a specified lookahead time under assumed intruder dynamics, the system
shall enter an alerting mode within a bounded response time [16]. Subsequent guidance
modes generate maneuvers that are required to be both operationally compatible and dy-
namically feasible. These elements are embedded into the hybrid system model used for
verification, making explicit the timing and logical dependencies that influence whether
separation and collision avoidance requirements are satisfied.

An additional consideration arises from the presence of multiple intruders and potential
interactions among resolution maneuvers. In the formal framework, this is treated by
considering either an aggregated worst-case intruder model that captures the most critical
relative trajectories, or by modeling a finite but potentially large set of intruder aircraft
with pairwise interaction constraints. The resulting state space grows combinatorially,
so abstractions that conservatively project multi-intruder behavior into equivalent worst-
case single-intruder scenarios are often introduced. Such abstractions must be designed
so that if safety is verified under the abstraction, it holds for the original multi-intruder
system [17] [18]. This requirement shapes the mathematical characterization of detect-and-
avoid requirements, emphasizing monotonicity and compositional arguments that permit
tractable yet sound verification.

3. Dynamic and Stochastic Modeling of UAS Encounters

The basis for formal verification of detect-and-avoid algorithms is a dynamic model that
captures the evolution of ownship and intruder states under both commanded maneuvers
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and disturbances. A commonly used representation for ownship dynamics in a local hori-
zontal plane is a kinematic model with bounded turn rate and speed variations. Let xo(t)

denote the ownship state, including position and velocity components. A discrete-time
approximation over step ∆t can be written as

xo(k + 1) = fo
(
xo(k), uo(k)

)
,

where uo(k) represents lateral and vertical guidance inputs selected either by the detect-
and-avoid algorithm or by an autopilot subject to its commands. Intruder dynamics are
modeled similarly as

xi(k + 1) = fi
(
xi(k), ui(k), wi(k)

)
,

with wi(k) representing exogenous variations or uncertainties. The relative dynamics for a
given intruder are then [19]

xr(k + 1) = F
(
xr(k), uo(k), ui(k), wi(k)

)
,

where xr(k) encodes relative position and velocity. This formulation emphasizes that
detect-and-avoid decisions effectively shape uo(k) in response to evolving estimates of xr(k)
and assumptions on intruder controls.

To describe a range of realistic encounters suitable for verification, the intruder input
ui(k) and disturbance wi(k) are not fixed but constrained within sets that encode admis-
sible behaviors. For example, one may specify bounds on heading change rates, climb
gradients, and speed variations, capturing both nominal and maneuvering traffic. In a
deterministic worst-case framework, ui(k) is treated as an adversarial input seeking to
challenge separation, subject only to these bounds. In a stochastic framework, encounter
models are defined as Markov processes over the intruder state space, with transition ker-
nels that reflect traffic distributions and maneuver likelihoods. Formal verification in the
latter setting can involve probabilistic temporal logics, but even in purely probabilistic
analyses, it is often operationally relevant to also consider worst-case trajectories that lie
in the support of the stochastic model.

Sensing and estimation enter the dynamic model through measurement processes and fil-
ters that infer the relative state. Let z(k) denote the surveillance measurement, which may
include ownship navigation data and intruder tracks derived from cooperative transponders
or noncooperative sensors. The estimator is represented as

x̂r(k + 1) = G
(
x̂r(k), z(k + 1)

)
,

and detect-and-avoid logic bases its decisions on x̂r(k). Estimation errors introduce ad-
ditional uncertainty that must be accounted for when guaranteeing satisfaction of sepa-
ration requirements [20]. A conservative approach is to characterize the estimation error
e(k) = xr(k) − x̂r(k) as belonging to a bounded set for all times of interest, leading to
robust verification conditions that quantify margins necessary in alerting thresholds and
maneuver guidance to compensate for state uncertainty.

The combination of continuous dynamics, bounded but potentially adversarial distur-
bances, estimation errors, and logical switching of detect-and-avoid modes leads to a hybrid
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system representation. This system can be viewed as

H = (X,Q,U,W, T ),

where X is the continuous state space, Q is the finite set of modes capturing algorithm
states, U is the set of ownship control inputs admissible in each mode, W is the set of envi-
ronment inputs, and T defines continuous and discrete transitions. Reachable states of H
include all possible values of (xr, q) obtained under all admissible inputs and disturbances.
Formal verification aims to show that the reachable set does not intersect undesirable re-
gions, such as near midair collision sets, under specified initial conditions and assumptions.
The fidelity of this model is critical: if the model omits relevant dynamics or underesti-
mates disturbances, the verification results may not reflect operational behavior, whereas
overly conservative modeling can render verification inconclusive by admitting trajectories
that are not physically realizable. [21]

To incorporate stochastic encounter models into a framework compatible with formal
methods, one can represent the intruder as a stochastic process on a finite or countable
state abstraction, with transitions constrained by performance envelopes and operational
rules. The detect-and-avoid algorithm is then analyzed either under probabilistic temporal
logic, where properties concern probabilities of unsafe events, or through an overapprox-
imation that treats all states in the support of the process as possible. Both approaches
depend on defining encounter sets that meaningfully approximate real traffic situations
while preserving mathematical tractability. The modeling choices made here directly influ-
ence the interpretation of verification outcomes, as they determine whether guarantees are
absolute within stated bounds or conditioned on probabilistic assumptions about intruder
behavior.

4. Formal Specification of Separation and Collision Avoidance
Requirements

Formal verification requires that separation and collision avoidance requirements be
expressed as precise properties over the trajectories of the hybrid system representing the
detect-and-avoid scenario. A basic safety requirement demands that the relative state
remain outside a near midair collision set Snmac. Let d(t) denote the Euclidean norm of
horizontal relative position and h(t) denote vertical separation. One can define [22]

Snmac =
{
xr : d < dn, |h| < hn

}
,

with constants dn and hn representing collision thresholds. The collision avoidance require-
ment is captured by the temporal property that along all trajectories,

□¬Snmac,

meaning the system state never enters Snmac. A more conservative separation requirement
uses a larger protected zone Swc, defined analogously with thresholds dw and hw. The
corresponding well-clear preservation property is

□¬Swc,
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for all trajectories that start outside Swc and satisfy specified environment assumptions.
Detect-and-avoid algorithms often have finite detection and response delays. To incor-

porate these, temporal operators with time bounds can be used. For example, suppose
that if a conflict is predicted within a lookahead interval, an alert must be issued within a
maximum response delay and a resolution maneuver initiated. Let conflict be a predicate
indicating that, based on x̂r(k), there exists a trajectory within the intruder admissible set
that would enter Swc within a finite horizon. Let alert capture that the detect-and-avoid
system is in an alerting or resolution mode. A requirement can then be written informally
as: whenever conflict holds, alert must be activated within a specified number of steps. In
temporal logic notation, with ♢[0,N ] denoting the eventually operator bounded by N ,

□
(
conflict → ♢[0,N ]alert

)
.

Separation and collision avoidance are then considered jointly as properties constraining
both when alerts are issued and whether the resulting maneuvers successfully avoid entry
into Swc or Snmac.

Hybrid invariants and barrier functions provide alternative formulations [23]. Define a
continuous function B : X → R such that B(xr) ≥ 0 for all states considered safe and
B(xr) < 0 for all states in Snmac. If the dynamics and control policies guarantee that along
trajectories starting with B(xr(0)) ≥ 0, the function B(xr(t)) never becomes negative,
then collision avoidance is assured. For discrete-time dynamics, one can require that for
all admissible ownship controls and all environment disturbances,

B
(
xr(k + 1)

)
−B

(
xr(k)

)
≥ −αB

(
xr(k)

)
,

for some nonnegative constant α, whenever B(xr(k)) ≥ 0. This inequality ensures that
trajectories do not cross the barrier into unsafe states. Detect-and-avoid logic is encoded
in how uo(k) is selected to maintain the barrier condition in the face of intruder behavior
and disturbances constrained by the environment model.

The coexistence of preventive and corrective requirements can also be captured by par-
titioning the initial condition space into regions with distinct formal obligations. Let Xwc

0

denote initial states from which well-clear preservation is required and feasible, and Xca
0

denote states from which only collision avoidance is required under physical constraints.
Formal conditions for membership in these sets can be expressed using backward reacha-
bility. For instance, define a set of states from which there exists a detect-and-avoid policy
that keeps trajectories outside Swc under all admissible intruder actions, and let this set
be Kwc. Then one can require that operationally allowed initial states with no preexisting
conflicts belong to Kwc. States outside Kwc but still outside Snmac may be assigned collision
avoidance obligations. These constructions provide a bridge between intuitive requirements
and mathematically checkable properties.

When considering probabilistic requirements, one may specify that the probability of
entering Snmac under a stochastic encounter model remains below a given threshold. This
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can be expressed in probabilistic temporal logic as a property such as [24]

P≤γ

[
♢Snmac

]
,

with γ representing an acceptable bound under the modeling assumptions. However, to
maintain compatibility with deterministic worst-case guarantees desired for certification-
oriented arguments, the analysis can emphasize that such probabilistic properties are evalu-
ated with respect to explicitly defined traffic models and are complemented by deterministic
invariance results obtained under bounded disturbance assumptions. The combination of
temporal logic specifications, invariants, and barrier-based conditions thus forms a vocab-
ulary for rigorously encoding detect-and-avoid requirements in a form suitable for formal
methods tools.

5. Formal Verification Architecture and Algorithms for
Detect-and-Avoid Logic

The hybrid nature of detect-and-avoid systems motivates a verification architecture that
separates continuous dynamics from discrete decision logic while preserving soundness. A
structured approach begins by constructing a finite-state or symbolic abstraction of the
continuous state space that captures all behaviors relevant for satisfaction or violation of
the requirements. For relative motion in a plane, one may discretize distance and bearing
into regions and approximate velocity ranges into finite sets. Let the abstract state be
denoted by s, and define a transition system [25]

T = (S, S0,→, L),

where S is a finite set of abstract states, S0 represents possible initial states, → is a
transition relation derived from the continuous dynamics and control limits, and L is a
labeling function that maps states to atomic propositions indicating, for instance, whether
they are safe, in conflict, or violating separation. The abstraction is constructed so that
for any concrete state consistent with an abstract state, its successors under admissible
inputs are contained within the union of successors of that abstract state in T . This
overapproximation ensures that if a safety property holds on the abstract model, it also
holds on the original hybrid system.

The detect-and-avoid algorithm is incorporated into this framework as a decision func-
tion that, based on the current labeled abstract state and internal logic mode, selects a set
of permissible maneuvers. The closed-loop abstract system becomes a product of the ab-
straction and the algorithm logic. Safety properties expressed in temporal logic can then
be checked using standard model checking procedures on the finite-state system. If the
model checker reports that the property holds, the overapproximation guarantees that no
violations exist in the concrete system under the modeling assumptions. If a counterexam-
ple is found, it is necessary to determine whether it corresponds to a realizable trajectory;
if not, the abstraction is refined, for example by partitioning states or tightening transition
bounds, and the verification is repeated. [26]
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For higher fidelity dynamics or when the state dimension precludes explicit finite abstrac-
tion, set-based reachability analysis can be employed. In this approach, sets of continuous
states are propagated over time under the combined effect of dynamics, control decisions,
and disturbances. For linear or suitably constrained nonlinear dynamics, convex overap-
proximations such as polytopes or zonotopes can be used. Let Xk denote an overapproxi-
mation of the set of possible relative states at step k. Given a model of detect-and-avoid
decisions, one computes

Xk+1 ⊇ Φ
(
Xk

)
,

where Φ represents the successor operation under all admissible inputs and disturbances.
Safety is established if Xk remains outside Snmac and, when applicable, outside Swc for all
k within the horizon of interest. For unbounded time properties, fixed-point computations
are used to approximate the maximal invariant subsets that avoid unsafe regions. The
detect-and-avoid logic influences Φ because the set of applied maneuvers depends on alert-
ing thresholds and resolution rules, which are encoded as constraints on control actions
consistent with each region in the state space. [27]

Barrier certificate methods provide another mechanism suited to continuous and hybrid
systems. Given candidate barrier functions, possibly obtained through optimization or sys-
tematic search, one verifies inequalities that guarantee safety. For polynomial dynamics,
sum-of-squares techniques can be applied to establish that a function B(xr) satisfies the
necessary conditions across the state space. In the detect-and-avoid setting, the barrier
can be shaped to align with well-clear boundaries, with detect-and-avoid advisories inter-
preted as strategies that maintain the state in the region where the barrier conditions hold.
When discrete logic is present, separate barrier functions can be defined for each mode,
together with conditions on transitions ensuring that barrier nonnegativity is preserved.
The resulting certificates yield concise proofs of safety that can be mechanically checked.

An important aspect of the verification architecture is the explicit handling of numerical
and modeling approximations [28]. Discretization of state and time, truncation of encounter
spaces, and linearization of dynamics introduce discrepancies between the analysis model
and the underlying physical system. To maintain soundness, margins are introduced in the
form of tightened thresholds for safety sets and enlarged disturbance bounds. For instance,
if numerical analysis can only guarantee that the true distance is at least a certain value
minus an error bound, then the verified separation minima are adjusted accordingly. This
leads to conditions where satisfaction of the formal property implies that the original
requirements are met with a quantifiable margin. Conversely, if analysis reveals that no
barrier or reachable set invariant exists under conservative assumptions, this indicates
sensitivity of the detect-and-avoid logic to those assumptions and suggests directions for
algorithmic adjustments.

Scalability remains a challenge, especially with multiple intruders and complex detection
logic [29]. Compositional techniques address this by decomposing verification into smaller
problems, such as analyzing pairwise interactions and then using assumptions about mutual
independence or structural monotonicity to reason about the combined system. Another
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direction uses game-theoretic formulations in which ownship and intruder are modeled as
players in a differential game. Collision avoidance requirements correspond to winning
conditions for ownship under constrained strategies. In simplified settings, one can derive
analytic characterizations of winning sets of initial states from which ownship has strategies
to avoid unsafe regions. Detect-and-avoid logic is then evaluated on whether its advisory
structure implements or approximates such strategies within the available maneuver enve-
lope.

6. Case Study Style Analysis and Sensitivity to Modeling Assumptions

To illustrate the implications of the formal methods framework, consider a notional
detect-and-avoid algorithm that issues horizontal maneuver advisories based on predicted
time to violation of a cylindrical well-clear volume. The algorithm monitors an estimate
of relative position and velocity and computes projected miss distance under straight-
line extrapolation of relative motion [30]. If predicted separation falls below prescribed
thresholds within a given lookahead time, the system issues a turn advisory intended to
increase horizontal miss distance beyond the protected boundary. Verification focuses on
whether, under bounded rates of intruder maneuver and specified ownship performance,
the advisories are sufficient to prevent entry into the near midair collision set.

The hybrid system model for this scenario includes modes representing no-conflict mon-
itoring, conflict detection, and resolution. In the no-conflict mode, ownship follows its
nominal trajectory subject to commanded waypoints. In the conflict detection mode, rel-
ative state estimates trigger a transition to resolution when projected miss distance falls
below a threshold. In resolution mode, ownship executes a coordinated turn with bounded
rate until the predicted separation satisfies a termination condition [31]. Using a finite
abstraction, the relative distance is partitioned into radial bands, and the relative bearing
and heading difference are partitioned into sectors. For each abstract state, one determines
whether the algorithm would remain in monitoring mode, escalate to resolution, or exit
resolution. Transitions among abstract states are computed by propagating representative
continuous states under ownship and intruder maneuvers within their admissible sets.

Model checking is applied on this finite transition system with the safety property that
no path reaches states labeled as near midair collision. If the property holds under a set
of assumptions on maximum intruder turn rates and speed changes, then, by construction
of the abstraction, the original algorithm is safe under these assumptions, subject to ap-
proximation margins. If a counterexample path is returned, its realizability is examined in
the continuous model. Realizable counterexamples expose sequences of intruder maneuvers
and detect-and-avoid decisions that lead to loss of safety, often revealing corner cases such
as delayed alerts, oscillatory advisories, or interactions between vertical and horizontal
maneuvers [32]. Unrealizable counterexamples motivate refinement of the abstraction by
narrowing state partitions or recalculating transition bounds.

Sensitivity analysis arises naturally by varying the parameters used in the verification
model. For instance, tightening the assumed bound on intruder turn rate may enlarge
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the set of initial conditions from which safety can be guaranteed, while loosening it can
produce violations. Similarly, increasing estimation error bounds requires earlier alerts and
more conservative advisories to maintain safety; verification may indicate that, beyond
certain error magnitudes, no advisory strategy of the considered type suffices to satisfy
the requirements. Analyzing these trends helps identify which aspects of the detect-and-
avoid system, such as sensor accuracy, communication latency, or maneuver authority, most
strongly influence the possibility of obtaining formal guarantees.

Barrier certificate methods can be instantiated for the same algorithm by searching for
functions that separate safe initial states from unsafe regions while being compatible with
the closed-loop dynamics under advisory rules [33]. For example, one may propose a bar-
rier that depends on projected time to closest point of approach and relative geometry,
and then use optimization-based methods to verify that this barrier is nondecreasing along
all permissible trajectories under the detect-and-avoid advisories. If successful, this yields
a compact certificate that safety holds for a specified class of encounters. If no barrier
of the chosen form is found, it does not directly imply unsafety but suggests that either
the algorithm or the certificate structure may require adaptation. Thus, the combina-
tion of reachability-based and certificate-based analyses provides complementary views on
algorithm robustness.

When multiple intruders are introduced, the verification model becomes more complex,
but similar principles apply. One approach considers pairwise conflicts independently and
assumes that the detect-and-avoid algorithm resolves each without interference [34]. If this
assumption is not structurally valid, more expressive models consider the coupled effect
of maneuvers. Abstracting such interactions can again involve conservative overapprox-
imations that treat the worst-case alignment of intruder trajectories. The analysis may
show that specific rule sets or coordination protocols are needed to avoid conflicting ad-
visories in dense traffic conditions. By encoding these coordination rules formally and
examining their effect on reachable sets, the verification process highlights requirements
on higher-level traffic management needed to support detect-and-avoid safety.

Overall, the case study style examination underscores that formal verification outcomes
depend strongly on modeling assumptions, chosen abstraction granularity, and verification
technique. Under appropriately stated bounds on dynamics and sensing, detect-and-avoid
algorithms can be shown to satisfy separation and collision avoidance properties within
those bounds. Relaxing assumptions or introducing additional uncertainties may lead
to the absence of conclusive guarantees, indicating conditions where algorithm redesign,
enhanced sensing, or procedural mitigations are necessary to achieve desired safety margins
[35]. The technical structure provided by formal methods allows such conclusions to be
articulated in a mathematically explicit manner.
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7. Conclusion

Application of formal methods to the verification of unmanned aircraft detect-and-avoid
algorithms enables a structured and exhaustive approach to reasoning about safety proper-
ties under explicitly defined modeling assumptions. By representing ownship and intruder
dynamics, sensing and estimation mechanisms, and detect-and-avoid decision logic within a
unified hybrid system framework, these methods enable rigorous examination of all admis-
sible system evolutions. Unlike simulation-based approaches that depend on enumerated
encounter sets, formal verification explores the entire reachable space of behaviors consis-
tent with defined assumptions, thus encompassing scenarios that may be overlooked by
empirical sampling. The separation and collision avoidance requirements, when encoded
as temporal logic specifications, invariant set constraints, and barrier conditions, can be
verified mathematically to hold across all modeled trajectories. This capability offers a
systematic means of establishing algorithmic correctness, quantifying safety margins, and
identifying failure regions under specified uncertainties. [36]

Within this analytical framework, several methodological approaches serve complemen-
tary purposes. Finite-state abstractions enable the reduction of continuous flight dynamics
to discrete transition systems suitable for model checking, allowing automated exploration
of all reachable configurations. Set-based reachability computations propagate overap-
proximations of the hybrid state space through time, identifying invariant regions that
guarantee separation or revealing conditions under which the system may approach unsafe
boundaries. Barrier certificates, by contrast, provide functional witnesses that mathemat-
ically separate safe and unsafe regions, ensuring that trajectories remain within allowable
domains if the inequalities governing the barrier function hold. Each of these methods in-
volves approximations, discretizations, and conservatism that must be managed carefully
to preserve soundness. Margins introduced to account for these approximations ensure that
conclusions drawn from abstract models remain valid for the true continuous dynamics.
This disciplined handling of uncertainty and error bounds differentiates formal verification
from heuristic or statistical validation methods, where guarantees cannot extend beyond
tested scenarios. [37]

Verification outcomes are inherently sensitive to assumptions embedded in the system
and environment models. The dynamic behavior of intruders, the geometric configura-
tions of encounters, and the response capabilities of ownship all influence the reachability
structure of the system. For example, tighter constraints on intruder maneuverability
simplify the verification problem by reducing the range of admissible relative trajecto-
ries, potentially enabling formal proofs of safety. Conversely, when intruder dynamics are
weakly constrained or include abrupt changes in velocity or heading, the reachable space
expands, making it more difficult to demonstrate invariant separation. Similarly, assump-
tions regarding sensor performance, measurement latency, and communication reliability
significantly affect the guarantees obtainable through formal methods. A detect-and-avoid
algorithm may be provably safe under perfect sensing but fail to meet requirements when
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realistic latency or degradation models are introduced [38]. Verification results must there-
fore be interpreted in the context of these underlying assumptions, recognizing that safety
proofs are conditional on the fidelity and completeness of the modeled environment.

The influence of ownship maneuver authority further constrains achievable guarantees.
Algorithms that generate advisories assuming idealized aircraft response may fail to satisfy
formal safety properties when control actuation limits or rate constraints are applied. For-
mal analysis can reveal these discrepancies by demonstrating that, under the true bounded
control set, reachable states include conditions leading to violation of well-clear separation
or near midair collision zones. Such findings inform not only algorithmic refinement but
also operational policies, indicating, for instance, that certain speed or climb-rate capabili-
ties are prerequisites for compliance with defined safety margins. Thus, formal verification
serves as a diagnostic tool for identifying the interplay between algorithmic design, vehicle
performance, and operational requirements. [39]

In cases where uncertainties and disturbances exceed manageable bounds, formal anal-
ysis may conclude that existing detect-and-avoid logic cannot guarantee compliance with
safety requirements. These results are not failures of the verification process but valuable
indicators of model or design insufficiency. They provide a mathematically grounded basis
for revising algorithms, tightening operational envelopes, or improving sensor fidelity. In
this sense, formal methods do not merely certify correctness but delineate the boundaries
within which correctness can be assured. When properly contextualized, these outcomes
contribute to a comprehensive understanding of system behavior under extreme or un-
modeled conditions, supporting risk-informed decision-making in system development and
regulatory evaluation.

Integrating formal methods into detect-and-avoid development processes from early
stages offers tangible benefits. Encoding candidate algorithms and requirements in formal
languages suitable for model checking or reachability analysis exposes logical ambiguities
and hidden assumptions before implementation [40]. For instance, an algorithm that relies
on implicit timing relationships between conflict detection and advisory generation can
be formally analyzed to confirm whether these relationships always hold under bounded
delays. Similarly, reachability analysis can reveal whether thresholds for alert generation
provide sufficient temporal margin for maneuver execution given modeled response dy-
namics. Early detection of such issues reduces redesign cost and increases confidence in
subsequent validation phases.

The artifacts produced through formal verification complement traditional validation
data. In addition to simulation-based evidence, the verification process yields algebraic
certificates, logical proofs, and explicit invariant descriptions that collectively substantiate
compliance with safety requirements. These artifacts are reproducible, transparent, and
subject to independent verification, making them valuable for certification and assurance
documentation [41]. Moreover, the mathematical structure of formal results enables clear
traceability: each verified property is linked to the assumptions, models, and parameters
under which it holds. This traceability supports structured argumentation frameworks
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in which assurance claims are decomposed into verifiable subclaims supported by formal
evidence.

Despite their rigor, formal methods are not a substitute for empirical validation. The
fidelity of formal results depends on the representativeness of the model, and models in-
evitably simplify reality. Nevertheless, the combination of formal verification and empirical
testing provides complementary coverage: formal analysis ensures correctness within de-
fined bounds, while experiments confirm that the assumptions underlying those bounds
are met in operational conditions. Together, these approaches yield a more comprehensive
assurance basis than either can achieve alone. Formal methods thus contribute to a layered
verification strategy, where mathematical reasoning guards against logical and computa-
tional errors, and experimental testing validates environmental and implementation fidelity.
[42]

Future progress in this domain depends on advances in scalability, model expressiveness,
and automation. Scalable abstractions that can handle high-dimensional hybrid systems
with complex logic transitions are essential for verifying realistic detect-and-avoid algo-
rithms that include multiple interacting subsystems. Richer encounter models incorporat-
ing variable traffic densities, multi-intruder interactions, and environmental effects such as
wind or turbulence must be represented in ways that remain analyzable within current ver-
ification frameworks. Furthermore, toolchains that link engineering-level modelsexpressed
in simulation or software design environmentsto formal verification engines will reduce
the overhead of constructing and maintaining formal representations. Such integrations
can enable continuous verification throughout development, providing ongoing feedback as
algorithms evolve.

Another promising direction involves the synthesis of detect-and-avoid logic directly
from formally specified requirements [43]. Instead of verifying existing algorithms post
hoc, synthesis methods generate algorithms that are guaranteed by construction to satisfy
safety properties within the given assumptions. Although computationally demanding,
these approaches eliminate ambiguity between design intent and implementation, produc-
ing controllers that are provably correct by design. In the context of unmanned aircraft
systems, synthesis may eventually support adaptive detect-and-avoid logic that dynami-
cally adjusts conservatism levels based on current uncertainty and performance conditions
while maintaining formal safety guarantees.

The application of formal methods to detect-and-avoid verification contributes to a rigor-
ous understanding of system safety under uncertainty. It provides a structured mechanism
for quantifying the boundaries of algorithmic validity and for identifying trade-offs between
operational flexibility and provable assurance. While not all aspects of certification can be
reduced to formal analysis, the explicit and mathematical nature of the evidence produced
by these methods strengthens the overall safety case. As computational tools mature and
modeling practices become standardized, formal verification will increasingly serve as a cor-
nerstone of the assurance process for unmanned aircraft integration into shared airspace,
bridging the gap between theoretical guarantees and practical operational safety [44].
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